In this paper we present a two-dimensional depth-integrated theory for the gravity-driven free surface flow of a granular avalanche over a helicoidal topography which is an important extension of the original Savage & Hutter theory. In contrast to other previous extensions, this local coordinate system is based on a generating curve with curvature and torsion. Its derivation was necessary because real avalanches are often guided by rather strongly curved and twisted corries. The motion of the avalanche follows the helicoidal talweg. The theory that is based on the helicoidal metric and non-orthogonal basis allows relatively easy access to comparisons with laboratory experiments. The emerging theory is believed to be capable of predicting the flow of dense granular materials over moderately curved and twisted channels. The model equations are tested by constructing analytical similarity solutions. The qualitative behaviour of both the traditional theory and its present extension agree well through these similarity solutions.
Introduction
It is probably fair to state that Savage & Hutter, 12 in 1989, developed the first continuum mechanical theory, abbreviated the SH-theory, capable of describing the evolving geometry of a finite mass of a granular material and the associated velocity distribution as an avalanche slides down inclined surfaces. Their model provides a more complete analysis of such flows than previous models have done, and its extension as well as comparison with laboratory experiments demonstrate it to be largely successful. Several simplifying, but nevertheless realistic, assumptions were made that streamlined the mathematical formulation. They are as follows:
• The moving mass is supposed to be volume preserving. This assumption is based on observations in the laboratory that possible volume expansion and compactions arise at the initiation and stillstand, whilst, during its motion, the moving mass is nearly preserving its volume. Since the dynamics define the motion, supposing volume preserving is an adequate approximation.
• The moving and deforming granular mass is cohesionless and obeys a Mohr-Coulomb yield criterion both inside the deforming mass as well as at the sliding basal surface, but with different internal, φ, and bed, δ, friction angles. This assumption is based on the experimental fact that on any plane, at which shear and normal tractions may act, their ratio is constant and equal to the tangent of φ or δ, respectively. This classical criterion is quite appropriate for materials with rate independent constitutive property.
• The geometries of the avalanching masses are shallow in the sense that typical avalanche thicknesses are small in comparison to the extent parallel to the sliding surface. This shallowness assumption allows introduction of a shallowness parameter and simplification of formulas in terms of it.
• The avalanching motion consists of shearing within the deforming mass and sliding along the basal surface. However, on the basis of observations the shearing deformation commonly takes place within a very small basal boundary layer so that it is justified to let this boundary layer collapse to zero thickness and to combine the sliding and shearing velocity to a single sliding law with somewhat larger modelled sliding velocity. This then effectively means that variations of the material velocities across the thickness may be ignored and thickness-averaged equations may be employed. This is effectively a method introduced by von Kármán 18 and later refined by Pohlhausen, 11 in which the equations are averaged over depth and the velocity profile is assumed.
• The leading order two-dimensional equations are integrated through the avalanche depth. Scaling analysis isolates the physically significant terms in the governing equations and identifies those terms that can be neglected.
In the transportation of the solid materials a finite mass of a dry granular material may have to be transported through a channel with helicoidal surface, we refer to Fig. 3 . For instance, one may consider the flow of capsules in the pharmaceutical industries, cereals in agricultural and food producing industries, and powder substances in chemical process engineering through such channels. This geometry also exhibits the advantage of relatively easy experimental study in the laboratory. Alternatively, the flow of a snow or debris avalanches down a mountain corrie may be treated as a flow through a channel, of which the talweg is any prescribed three-dimensional curve with curvature and torsion in the physical space, e.g., a helix.
In the present work we will extend the SH-theory to rapid shear flows of dry granular masses in a curved and twisted channel having both curvature and torsion. In particular, we deal with a helicoidal surface geometry. This is a step towards the development of a fully non-dimensional as well as general theory for complicated topographies that we encounter in many industrial and geophysical flows.
We have found two similarity solutions, the parabolic cap solution and the M -wave solution with a new time scale. These are exact solutions of permanent shapes. This means that, once the granular pile is in parabolic cap form, it will always advect in a form of a parabola, keeping the volume fixed but changing the focus to expand the pile. In the analogous fashion the M -wave proceeds. Also, relative velocity profiles for both cases are computed exactly and are found to vary linearly with distance from the mass center of the moving avalanche. However, surprisingly enough, these two solutions can now be compared with those found by Savage & Hutter 12 in their original research. This is a good motivation and a preliminary proof about how this new theory works in reality.
Experimental works and their comparisons with the theoretical predictions are in progress and the results will be published elsewhere. The main purpose of the present paper is to establish a necessary physical-mathematical foundation to this end.
The outline of this paper is as follows. In Sec. 2 we discuss the generalisation of the SH-theory, that was done in the past, for different non-distorted geometries. Section 3 presents the governing equations in coordinate invariant form whilst Sec. 4 prepares their representation in a curvilinear helicoidal coordinate system. In Sec. 5 the governing equations are put into dimensionless form. Boundary conditions are discussed in Sec. 6 whilst Sec. 7 demonstrates, how the field equations are simplified by depth integration. With the ordering of Sec. 8, the Mohr-Coulomb closure properties and the imposition of nearly uniform velocity profiles presented in Sec. 9 the equations are reduced to standard conservative form in Sec. 10. Characteristic speeds and critical flow behaviour of the hyperbolic model equations are discussed in the same section. They demonstrate well-posedness in at least a limited situation. In Sec. 11, limited exact solutions are shown to exist. Section 12 summarises the results and so highlights the applicability and significance of the model equations. Finally, conclusions and a future outlook are presented in Sec. 13.
Generalisations of the Theory
The Savage & Hutter-model, 12 applicable along a straight sliding surface, has been generalised in various different ways. In fact, one of the strengths of the procedure is that the model can be generalised to higher dimensions and more complex geometries. There are two main streams of development of this theory depending on the coordinate system and the topography.
With respect to the coordinate system
The original paper of Savage & Hutter 12 was based on a formulation using Cartesian coordinates. This initial investigation considered the idealised problem of a finite mass of granular material released from rest on a rough inclined plane. Consider now a free surface flow of a granular material along a slowly varying bottom topography. When the underlying topography varies moderately along the longitudinal direction but has no variation in the transverse direction, a treatment using Cartesian coordinates is likely to be a first good approximation of the problem. However, in many situations the downslope variation of the topography may deviate strongly from a straight line. In such cases it is quite natural and convenient to adopt a coordinate system that can better describe the topography of the base of the flowing material. In a second stage of the development of the theory Savage & Hutter, 13 in 1991, wrote a paper that describes a model predicting the flow of an initially stationary mass of cohesionless granular material down rough curved beds. By depth integration of the incompressible conservation of mass and linear momentum equations that were written in terms of a curvilinear coordinate system aligned with the curved bed, evolution equations for the depth h and the depth-averaged velocity u were obtained. In this way, the bed curvature effects were incorporated in the theory. Such a curvilinear coordinate system, for instance, can adequately describe a chute having a bed made up of a straight inclined portion followed by a curved part and a horizontal portion. In all subsequent developments and extensions of the SH-theory for confined and unconfined chutes, two-dimensional and three-dimensional flows, the basal topographies were modelled by using curvilinear coordinate systems in a natural way, and all equations of motion were written in such appropriate coordinate form.
With respect to the basal topography

One-dimensional
The major part of the extensions of the original SH-theory 12 is concerned with the basal topography on which the flow of cohesionless incompressible granular avalanches take place. As described earlier, the first theory was developed for a flow along a rough inclined plane or a situation in which the main flow direction is nearly parallel to such a plane. The theory was immediately 13 extended to a two-dimensional curved bed which could better predict the flow of an avalanche on a slightly curved topography. Savage & Hutter studied the two-dimensional motion of a pile of granular material as it starts from rest and flows down a rough bed. The bed is assumed to have a steep slope at the initial position of the pile and is curved so as to approach a horizontal flat in the downstream direction. Hutter & Koch successfully implemented the theory for curved channels to the motion of a granular avalanche in an exponentially curved and two-dimensionally confined chute. Greve & Hutter 4 subsequently extended the implementation of such a theory of curved beds to a motion of an avalanche in a convex and concave chute.
Two-dimensional
Hutter, Siegel, Savage & Nohguchi 9 added one more dimension to the theory, namely the cross slope direction, that is concerned with the motion of an unconfined finite mass of granular material released from rest on an inclined plane. They considered a free surface flow of granular material down a slowly varying topography and identified the mean plane surface of this topography with a plane that is parallel to the (x, y)-plane of the three-dimensional Cartesian coordinate system. To explain the model, let the x-coordinate follow the direction of steepest descent, the y-coordinate be parallel to the horizontal lines and the z-coordinate perpendicular to these. Thus, the z-axis is inclined with respect to the vertical by the angle ζ. The bottom and the free surface of the moving mass are defined by z = b(x, y, t), and z = s(x, y, t), respectively. The depth-averaged equations are deduced from the three-dimensional dynamical equations by scaling the equations and imposing the shallowness assumption that the moving piles are long and wide but not deep.
Three-dimensional
Greve, Koch & Hutter 5 presented in detail a three-dimensional extension of the original two-dimensional theory that deals with gravity-driven free surface flows of piles of granular materials along bottom profiles that are weakly curved downwards and plane laterally. The motion is essentially in the direction of steepest descent with small sidewise dispersion and comes to rest in the run-out zone. In this situation a convenient curvilinear coordinate system x, y, z is introduced as follows: x is the downward coordinate fitting the curve profile of the bed that follows the direction of the steepest descent; y is the lateral coordinate (in this direction the Fig. 1 . The rectangular Cartesian coordinate system XY Z is aligned so that the z-axis is parallel but opposite in direction to the gravity acceleration vector, and the y-axis is parallel to the cross-slope reference surface coordinate y. The basal topography (solid lines), on which the avalanche slides, F b (x) = 0, is defined by its height b = b(x, y) above the curvilinear reference surface b(x, y) = 0 (dashed lines). The shallow complex three-dimensional geometry is therefore superposed on the two-dimensional reference surface.
bed is assumed to be flat); and z is the coordinate perpendicular to the local tangent plane of the curved bed. A further extension of the theory was proposed by Gray, Wieland & Hutter.
3 They presented a two-dimensional depth-integrated theory for the gravity-driven free surface flow of cohesionless granular avalanches, with cross-flow variation of the topography as shown in Fig. 1 . The talweg in this case is still a curve in a vertical plane, but they generalised this situation to incorporate talweg curvature and twist. However, this twist was not implemented in the curvilinear coordinate system, because it only arose within the steep flat part of the slope and could then be interpreted as a curvature. A simple curvilinear coordinate system is adopted, which is fitted to the mean downslope chute topography. This defines a quasi two-dimensional reference on top of which a shallow three-dimensional basal topography is superposed.
Present extension
In the present work we will extend the SH-theory to rapid shear flows of dry granular masses in a curved and twisted channel having both curvature and torsion. In particular, we deal with a helicoidal surface geometry. This theory aims to provide evidence that the SH-model works well not only for topographies having curvature in one direction but also for rather strongly curved chutes having curvature as well as torsion. Different from the original SH-theory, 12, 13 we choose helicoidal coordinates and use them to define a curvilinear coordinate system. As in the SH-model, we formulate the balance laws of mass and momentum as well as the boundary conditions in terms of these coordinates, average these equations over depth and then non-dimensionalise the averaged equations. There is, however, a difference in non-dimensionalising the equations and in the ordering analysis as compared to the original theory. The depth of the avalanche is defined in a new way; it is taken parallel to the direction of the gravitational acceleration. This is in contrast to the previous works. Traditionally, it was taken to be normal to the basal topography. The final governing balance laws of mass and momentum appear to be much less complicated with the averaging operation performed vertically to the basal surface than perpendicularly. It is clearly due to the use of a non-orthogonal basis.
Field Equations
The avalanche is assumed to be an incompressible material with constant density 0 throughout the entire body. Then the mass and momentum conservation laws reduce to where ∇ is the gradient operator, u is the velocity, ∂/∂t indicates the differentiation in time, ⊗ is the tensor product, p is the pressure tensor (the negative Cauchy stress tensor) and g is the gravitational acceleration. The granular avalanche is assumed to satisfy a Mohr-Coulomb yield criterion in which the internal shear stress S and the normal pressure N on any plane element are related by
where φ is the internal angle of friction. The conservation laws (3.1) and (3.2) are complemented by kinematic boundary conditions at the free surface, F s (x, t) = 0, and at the base, F b (x, t) = 0, of the avalanche
where the superscripts "s" and "b" indicate that a variable is evaluated at the free surface and the base of the avalanche, respectively. In (3.5), M is the mass of snow entrained into the avalanche from the snow cover per unit time. It must be a function of position and can differ from zero only provided there is a snow cover at all, or that snow is deposited, corresponding to negative entrainment rate. Constitutive properties for M are so far largely lacking. Furthermore, in laboratory experiments modelling of M is not possible, so that henceforth M = 0 will be chosen. There are also dynamical boundary conditions that must be satisfied. The free surface of the avalanche is traction free while the base satisfies a Coulomb dry-friction sliding law. That is,
where the surface and basal normals, respectively, are
Notice that, pn is the negative traction vector, n · pn is the normal pressure and pn − n(n · pn) is the negative shear traction. It follows that the Coulomb dry-friction law, (3.7), expresses the fact that the magnitude of the basal shear stress equals the normal basal pressure multiplied by a coefficient of friction, tan δ. The parameter δ is termed the basal angle of friction. Also notice that the shear traction is assumed to point in the opposite direction to the basal velocity u b in (3.7). This implicitly assumes that u b · n b = 0 by (3.5) and that the basal surface somehow is considered to be fixed. This implies that the basal velocity u b is tangential to the basal surface. Nevertheless, in the ensuing developments we will retain all those terms which involve the time derivative of the basal surface for theoretical reasons.
Flow Through a Helicoidal Channel
Motivation
The model equations presented by Hutter and coworkers 3, 12, 13 were derived with the intention to be able to describe the motion of a finite mass of granular material down a flat mountain side into a deposition area. The underlined curvilinear coordinate system was based on a so-called ruled surface of which the generating base curve was in a vertical plane, and the ruled straight lines would be kept parallel to one another, whilst the third coordinate would be perpendicular to these, see Fig. 2 . The topographies permissible for this special coordinate system would be small deviations from this reference surface b = b(x, y, t). Whereas this allows for a large variety of topographies to be studies, see Sec. 2, the geometries are nevertheless restricted. For instance, the motion in a rather strongly curved channel having both curvature and torsion cannot be analysed with the mentioned curvilinear coordinate system. Such cases do, however, realistically occur. In the transportation of the solid materials a finite mass of a dry granular material may have to be transported through a channel with helicoidal surface, we refer to Fig. 3 . This geometry also exhibits the advantage of relatively easy experimental study in the laboratory. Similarly, the flow of a snow or debris avalanches down a mountain corrie may be treated as a flow through a channel, of which the talweg is any prescribed three-dimensional curve with curvature and torsion in the physical space, e.g., a helix. Both situations give rise to alternative formulations in settings with their own coordinate system. 
Helical coordinates
Let us consider a curved channel of which the talweg follows a helix with a given pitch. This helicoidal topography is sketched in Fig. 3 . In the sequel such topographies will be considered as basal surfaces (channels) on which the flows of granular avalanches take place. It is therefore natural to consider curvilinear coordinates which follow this helicoidal geometry as closely as possible. For the ensuing analysis, let {e 1 , e 2 , e 3 } be a Cartesian basis of the three-dimensional space R 3 . Then any point in R 3 can be represented by its position vector r = r 1 e 1 + r 2 e 2 + r 3 e 3 , where r 1 , r 2 , r 3 are the Cartesian components of r. An analogous, isomorphic, representation of r is the three-tuple
but it requires that a Cartesian basis be selected. In what follows, we shall consistently use the above notation to denote the Cartesian components of vectors in R 3 referred to a fixed basis {e 1 , e 2 , e 3 }.
A curve and a surface in R 3 can be represented by continuous one-and two-parameter functions
2) which will be assumed to be unique mappings from the parameter space described by x and (x, y), respectively. For instance,
describes a helix with pitch a on a cylinder with radius R, x is the polar angle in the plane of the basis vectors e 1 and e 2 and the cylindrical axis coincides with the direction of the basis vector e 3 . Similarly,
describes a screw-surface, see Fig. 4 . The coordinates x and y are again the polar angle and the radial distance from the e 3 -axis, respectively. Coordinate lines on this surface are the helices with radius y(0 ≤ x ≤ 2nπ, where n ≥ 1 is any natural number) and straight lines in the radial direction and parallel to the (e 1 , e 2 )-plane, (x fixed; 0 < y < ∞). It is geometrically obvious that the entire space R 3 is spanned by the three-parameter function
Adding the coordinate z in the third component of (4.4) generates, for fixed values of z, a screw-surface that is translated from the surface (4.4) into the e 3 -direction by the distance z, see Fig. 4 (a). On top of this helically-ruled reference surface any basal topography b = b(x, y, t) can be superimposed to form curved and twisted channels of our desire. It is geometrically trivial (it will be clear later) to see that not all coordinate lines of (4.5) are perpendicular to one another, as shown in Fig. 4(b) . So the corresponding metric is not orthogonal; this would only be the case for a = 0. For ease of notation the identification
will be made, but the reader is warned that (x, y, z) are not Cartesian components, but rather the coordinates of the helicoidal system (4.5). Since the original theorem and all its extensions are written in (x, y, z) we also write model equations using these symbols (coordinates) to keep the tradition and facilitate the comparisons with other model equations. Fig. 4 . Sketch of the families of curves to generate a helically-ruled-surface. (a) x is the polar angle of rotation, y measures the radial distance from the axis of the helix and z is the coordinate measuring the height parallel to the axis itself. The x, y and z coordinate lines are represented by curved and straight lines accordingly. A typical helix is given by z = 0 and y = const. For z = const. and variable values of x and y the emerging surface represents a helically-ruled reference surface (a surface generated by a screw motion) over which a basal topography b = b(x, y, t) can be superimposed to form a curved and twisted channel, as shown in Fig. 3 . (b) Arrows indicating the tangent vectors along the coordinate lines. Also shown are the components u, v, w of the velocity vector u along the coordinate lines x, y and z, respectively. The non-orthogonality of the coordinate system is indicated by the fact that the vectors g 1 and g 3 are not perpendicular to each other.
The tangent vectors to the coordinate lines of (4.5) are
These define the azimuthal, radial and vertical directions, respectively. The covariant metric coefficients are given by the matrix
where
constitutes the contravariant metric coefficients. With them, the dual vectors g i = g ij g j can be computed and yields
With the co-and contravariant base vectors defined in (4.7) and (4.10), respectively, the Christoffel symbols of the second kind
can be computed in a straightforward manner. For k = 1, 2, 3, the matrices corresponding to (4.11) are given by
The off-diagonal elements arising in the metric tensors, (4.8) and (4.9), are the manifestation of the non-orthogonality of the coordinates.
In what follows we shall derive tensor relations referred to a basis of unit vectors g * i that are parallel to the tangent vectors g i . With the notation
, where the Einstein summation notation is dropped for the bracketed indices, and for a vector u and a second-order tensor p,
(4.14)
u i * and p ij * are called the anholonomic contravariant components of u and p, respectively.
The conservation laws and their associated boundary conditions were given in coordinate independent form in Sec. 3. In order to express these results in curvilinear coordinates, three key results are required, namely the gradient of a scalar field, the divergence of a vector field and the divergence of a tensor field. All these results can be derived by using the ∇-vector-operator, which is defined as
The gradient of a scalar field F is ∇F = F, k g k . This is expressed in terms of the covariant unit base vectors
which reduces to 18) where A = y 2 + a 2 , for the helicoidal coordinate system defined in (4.5). Given a vector field u = u i g i , its divergence is
Substituting (4.15) 1 into (4.19) together with the Christoffel symbols (4.12) implies that the divergence of a vector u in curvilinear coordinates is
where u * , v * and w * are the anholonomic contravariant components of u. Similarly, given a symmetric second-order tensor p = p ij g i ⊗ g j , its divergence is given by The coefficients are the contravariant anholonomic components of ∇ · p.
Non-dimensional Equations
In this section the coordinate independent equations of Sec. 3 are expressed in terms of the simple curvilinear coordinate system introduced in Sec. 4 . The anholonomic components of the velocity field u are defined as u, v and w, so that u = ug *
Similarly the anholonomic components of the symmetric pressure tensor p are p xx , p yy , p zz , p xy , p xz , p yz where the convention that subscripts define contravariant quantities is now dropped, i.e. p xx , etc. are now and henceforth contravariant anholonomic components. The physical variables are non-dimensionalised using the scalings
where the hats represent non-dimensional variables. The scalings (5.1) assume that the avalanche has a typical length-scale L tangential to the reference surface and a typical thickness H normal to it, and R is the stretching scale of the pitch of the helix or the helicity. A balance between the downslope acceleration, ∂u/∂t, the downslope advection, u∂u/∂x, and the gravitational acceleration (in the downslope momentum balance) implies that the typical downslope velocity magnitudes are of order (gL)
and that time-scale for order-unity changes is (L/g) 1/2 . From the mass balance it follows that velocities normal to the slope are of order (H/L)(gL) 1/2 . The main driving force of the avalanche is the gravitational acceleration. This is in contrast to the "Shallow-Water-Equations". The longitudinal velocity scale (gL) 1/2 indicates that the phenomenon is governed mainly by free fall rather than by surface waves, which would require the use of (gH) 1/2 . Assuming a granular static balance, the typical normal pressures at the base of the avalanche are of the order 0 gH, and 0 gH tan δ 0 , where δ 0 is a typical basal angle of friction. Also, the vertical pitch, a, is assumed to be of order R. These scalings introduce three non-dimensional parameters, namely
where ε is the aspect ratio of the avalanche, λ corresponds to the measure of the pitch of the reference geometry with respect to the length of the avalanche and µ is the coefficient of friction associated to the base. The mass balance equation ∇ · u = 0 can be written in the curvilinear coordinates of Sec. 4.2 by using the transformation rule (4.19) for the divergence of a vector. Applying the scalings (5.1) and parameters (5.2), it follows that the non-dimensional curvilinear form of the mass balance equation (4.20) is
where the hats are now and will henceforth be dropped and
which is not a function of x, z and t. The momentum balance equation (3.2) can be written in curvilinear coordinates by using relation (4.22) to transform the tensor u ⊗ u and the pressure p. Let g 1 , g 2 and g 3 be the anholonomic contravariant components of the gravitational acceleration along x, y and z, respectively. Also assume that g = (g 1 , g 2 , g 3 ), where the components correspond to the azimuthal, radial and vertical directions, respectively. For the present coordinate system g 1 = g 2 = 0, we will write g 3 = −g in the following computations. From (3.2), (4.22), (5.1)-(5.2) and (5.4) it follows that the dimensionless curvilinear components of the momentum balance in the azimuthal, radial and vertical directions, respectively, are
(5.7)
6. Boundary Conditions
Kinematic conditions
The free surface of the avalanche, F s = 0, and the basal topography over which the avalanche is assumed to slide, F b = 0, are defined by their respective heights above the curvilinear reference
Consider the free and basal surfaces F s (x, t) = 0, z = s(x, y, t), F s ≡ z − s = 0, and
describe the kinematic surface conditions at the free and the basal surface of the avalanche. Using (4.14) 1 , (4.16), (5.1), (5.2) and (5.4), it follows from (6.2) that the non-dimensional curvilinear form of the surface and basal kinematic conditions are z = s(x, y, t) , ∂s ∂t
where hats have again been dropped.
Traction free condition at the free surface
From (3.6) and the definition (4.16) of the gradient of a scalar field, the traction free condition reads
Hence, the traction free boundary condition at the free surface of the avalanche has contravariant anholonomic azimuthal, radial and vertical components, respectively, .4), we obtain the non-dimensional form of the gradient of the free surface as follows
Since the Coulomb basal sliding law (3.7) implies the relation
it follows from (6.7) that the azimuthal, radial and vertical components, respectively, are
where |u| = (u 2 + v 2 + ε 2 w 2 ) 1/2 , the basal unit normal vector n b is given by 
Depth Integration
A crucial step in the development of the continuum mechanical theory of a shallow avalanches is the process of depth-averaging the field equations. The difference between the height of the free surface, s = s(x, y, t) and the height of the basal topography b = b(x, y, t), defines the thickness, or depth, of the avalanche h(x, y, t) = s(x, y, t) − b(x, y, t) , (7.1) measured along the vertical direction of the reference surface. Notice that it is not perpendicular to the reference surface. The mean value of a function f = f (x, y, z, t) through the avalanche thickness is defined as (we refer to Fig. 5) f(x, y, t) = 1 h(x, y, t)
f (x, y, z, t) dz .
(7.
2)
The mass balance (5.3) is integrated through the avalanche depth using Leibniz' rule. This yields
3)
The function contained in square brackets in (7.3) has a number of terms in common with the kinematic boundary conditions (6.3) and (6.4). Indeed, from (6.3), (6.4) and (7. The process of depth-integrating the azimuthal component of the momentum balance (5.5) is performed in a number of stages. Integrating the first four terms on the left-hand side of (5.5) (the azimuthal or helicoidal acceleration), and using (6.3) and (6.4), we have
Similarly, from the first three terms of the right-hand side of (5.5) and with (6.6) 1 and (6.8) 1 , it follows that
With (5.5), (7.6) and (7.7) the depth-integrated azimuthal component of the momentum balance takes the form
Similarly, from (5.6) and (5.7), it follows that the depth-integrated radial and vertical components of the momentum balance, respectively, are
The depth-integration process is now complete. The depth-integrated mass balance (7.5), and the depth-integrated azimuthal and radial momentum balances (7.8) and (7.9), form the basis of the (shallow) granular flow equations. The depth-integrated vertical component of the momentum equation (7.10) thereby serves as an auxiliary equation defining the pressure. This will be now explained in due order.
Ordering
A common geometrical property of rapid avalanching flows in chutes is that they have typical azimuthal (and radial) lengths much larger than typical vertical thicknesses. The shallowness assumption thus means that
Typical values of this parameter can be taken as ε < 10 −1 , usually ε ∼ 10 −3 . However, further assumptions are needed to derive a reduced theory. The non-dimensional parameters λ and µ, defined in Eq. (5.2), are assumed to be of magnitude
where 0 < γ < 1 is realistic for coefficients of basal friction and for typical reference curvatures and, for simplicity, we have assumed that typical helicity and the radius of curvature of the reference geometry are of the same order of magnitude. For industrial applications the second assumption is not a restriction, because one can construct channels such that λ = 1 is satisfied to order ε 1+γ . In the ensuing computations, we will assume that the basal topography does not change in the azimuthal direction, i.e. ∂b/∂x = 0. For instance, we can superpose a parabolic basal surface b = y 2 /(2L) on top of the screw surface (4.5) so as to form a typical helicoidal basal surface. It then follows from (5.4) and (6.10) that the functions ψ and ∆ b can be estimated by
The azimuthal and radial components of the depth-integrated momentum balances (7.8) and (7.9) contain a term that is multiplied by the factor n b · p b n b . We make the Boussinesq assumption (see Sec. 9) for the velocity profile as follows: uw = uw + O(ε 1+γ ) and vw =vw + O(ε 1+γ ). Now, we consider the first four terms on the right-hand side of the vertical component of the momentum balance, (7.10) and use the mass balance equation (7.5),
Also, it is assumed that (
is satisfied. This is reasonable becausew is almost constant with respect to time, t, and space, (x, y). Therefore, the expression (8.4) becomes O(ε 1+γ ). From (7.10) and the above ordering we have
This implies
Auxiliary equation for pressure
Now we consider the vertical component of the momentum balance, (5.7), which reduces to
Integrating this equation with respect to z and applying the free surface boundary condition (6.6) 3 , it follows that
to order ε. That is 8) and p 9) which to order ε is exactly Eq. (8.6). Moreover, taking account of (5.7), one may show that the O(ε) term in (8.9) can be replaced by O(ε 1+γ ) if
is assumed. This condition reveals the consistency of (8.6) with (8.9).
Balance equations
Applying (8.3), the depth-integrated mass-balance equation (7.5) can be taken over without any changes,
Also, from (8.6) the depth-integrated momentum balances in the azimuthal, (7.8) , and the radial, (7.9), directions reduce to
where u = (u, v, 0) T is the two-dimensional tangential velocity. Further reduction of equations (8.10)-(8.12) requires constitutive information about the pressure tensor p and the depth-integrated tangential velocity u. Note that the pressure p zz need only be approximated to order ε γ as it is used to simplify the depth-integrated downslope and cross-slope pressure terms p xx and p yy , which are already order ε terms in Eqs. (8.11) and (8.12) . The SH-theory assumes that a very simple state of stress prevails within the avalanche. Following common practice in soil mechanics we assume that the tangential pressure terms p xx and p yy can be expressed in terms of the overburden pressure p zz with the aid of the Mohr-circle. This holds at the base and at the stress free surface. So its validity through depth is justified by the continuity requirement. The SH-theory assumes that the downslope and cross-slope pressures vary linearly with normal pressure through the avalanche depth. This is achieved to leading order by the following expression
To determine the values of these (earth) pressure coefficients, K x,y , Savage & Hutter and Hutter et al. 9, 12 used elementary geometrical arguments and the Mohr-circle representation as a function of the internal and basal angle of friction, to derive
which are real for δ ≤ φ.
Nearly uniform flow profile through depth
Since the constitutive properties that are used in the SH-theory provide no link between stress and strain-rate, it is assumed that the velocity profiles are approximately uniform through the avalanche depth (Boussinesq assumption). This means that all sliding and little differential shearing takes place: 4) and the velocity product can be factorised as
These assumptions are supported by measurements in large scale dry snow and ping-pong ball avalanches 1,3,10,14 as well as small scale laboratory avalanches. 
The Model Equations and Flow Behaviour
Due to the Boussinesq assumption it follows that 1 h
So, substituting (10.1) into (8.8) and integrating through the depth yields
Thus, from (9.1) and (10.2) the depth-integrated pressures become because it is exact, and the supasript 'b' is now and henceforth dropped. Similarly, substituting expressions (9.4), (9.5) and (10.3) into the depth-integrated azimuthal, (8.11), and radial, (8.12), momentum balances, we obtain 6) accurate to order ε 1+γ , where
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These are the conservation forms of the momentum equations in the two principal flow directions. Let us consider the downslope (i.e. azimuthal) component of the momentum balance. This equation represents the balance of change of momentum and the streamwise components of the net driving forces. For example, the first two terms on the right-hand side are the friction forces (tan δ) and a topographic effect, "a", together with the force associated with the overburden pressure ( i.e. χ) at the base. The third term is the (collective) gradient of the earth pressure coefficient, the height of the pile and the overburden pressure. Similar inferences can be drawn for the cross-slope (radial) component of the momentum balance for which the two final terms are the contributions to the force due to the effects of the curvature and torsion of the topography and the geometry of the moving pile.
This system of three equations, (10.4)-(10.6), allows three variables h, u and v to be determined, once initial and boundary conditions are prescribed, provided the material parameters δ, φ, the pitch parameter a and the basal topography b(x, y) are a priori known.
Standard form
The ( 
Characteristic speeds and critical flows
In order to compute the characteristic speed of the system (10.8) and (10.10), we rewrite it as
Characteristics are defined only for spatially one-dimensional hyperbolic equations. Therefore in what follows we shall analyse special conditions of the full two-dimensional hyperbolic systems in which either all y-derivatives or all xderivatives of the fields w vanish. These situations correspond to equations
The eigenvalues of A x and A y yield the characteristic speed of these subsystems which are given by the characteristic equations 13) with the solutions:
The solutions λ 1, 4 yield as characteristic speed the particle velocity c p = u and c p = v, respectively (in each of the cases either v or u is zero). And each case defines two characteristic speeds one slower and one faster than u (and v, respectively).
Remark. In the general case, to determine the characteristic speed at a given position x = (x, y), Eq. and the local characteristic speeds of the system follow from the characteristic equation det(A * − λI 3 ) = 0. For the shallow water equations a numerical scheme based on this transformation and employing the Riemann method is explained by Toro.
17 Its application to the Savage-Hutter equations is described in Koschdon and Schäfer. When a finite avalanching mass of granular material moves down a steep slope and approaches the run-out zones with supercritical speed a considerable deceleration will suddenly occur and lead to a transition from supercritical flow to subcritical flow. Any such transition from a supercritical to a subcritical flow state produces a shock, that is accompanied with changes from small heights and larger speeds to large heights and smaller speeds. In such situations shock capturing numerical schemes are mandatory. Tai et al.
14 and Koschdon and Schäfer 7 developed and well implemented such shock capturing numerical schemes for situations as described by Wieland et al. 19 
Some Analytical Solutions
It is possible to construct some exact solutions of the system (10.4)-(10.6) for a particular geometry for which there is no variation of basal topography in the down-hill direction. Imagine the situation that a finite mass of granular material in a narrow chute has initially parabolic shape and is then released to evolve. The question is, does this mass upon release, perhaps, preserve its shape, thus remain a parabola and only change its aspect ratio. It can be shown that such similarity solutions do indeed exist. The forms of the preserving geometries are in fact parabolas and the solution of their length is described by an ordinary differential equation in time. The main conclusions that are deducible from these computations are that these results demonstrate useful quantitative physical behaviour but do not indicate whether similarity solutions could be in any way suitable for prognostic purposes.
13
In the following computations we will consider a confined chute. For a confined helicoidal chute we may assume that there is a very small spreading of the pile in the lateral direction and that the whole of the mass is mainly flowing along the talweg of the helicoidal basal topography. Also, in real situations the variations of the downslope earth pressure coefficient with respect to the azimuthal coordinate is of the order ε γ . For diverging motions the avalanche is always extending. So, no shocks will form. Under these circumstances we are allowed to make the following assumptions:
Since ψ = 1/ y 2 + a 2 , with these assumptions at our disposal Eq. (10.4) and (10.5), after using the mass balance into the down-slope momentum balance, reduce to the following simple one-dimensional system
where D = −(sgn(u) y tan δ+a) is the net driving force. Notice that these equations contain y as a passive parameter. We set
With this transformation, (11.1) reduces to the following standard form:
Heret is a transformed time and x corresponds to the arclength measured along the helical talweg. The equations, however, have the same form as if the motion would take place in a straight inclined chute for which ψ = 1. For notational brevity we will replacet by t in the sequel. The system of Eq. (11.2) exactly reproduces a corresponding system obtained by Savage & Hutter, 12, 13 in their original paper, for an avalanching motion on a rough inclined and curved chute. For this purpose we should select a basal topography that satisfies the condition ψ = 1. This means we should consider the flow in a channel whose radius of the cross-section, y, and the helicity, a, constitute the circle y 2 + a 2 = 1. In this sense this system and its exact solutions (that we will present here) are of fundamental nature in the development of the SH-theory. Here we do not repeat the construction but just write the final solutions that we have obtained from the analytical computations.
To find particular solutions to our moving-boundary-value problem we apply a fixed domain mapping by which the span interval is mapped onto a fixed interval with variable η. Defining a moving coordinate system 12,13 we may deduce the following exact solution of permanent type
where E = and g is the spreading factor (i.e. half the length) of the support of the avalanche with the base given by the following function against time t
For large values of g, Eq. (11.4) indicates that g varies linearly with time t. From (11.3), we conclude that the height of the avalanche is a parabolic profile and varies inversely with time. This fact will be clear from Fig. 6 . The technique of separation of variables can also be used to solve the system (11.2); if pursued the following avalanche thickness and relative velocity profiles emerge
As calculated by Savage & Hutter, 12 the value of h m is given by 6) where d m − 1 = h m is the normalised depth of the avalanche margin and thus assumed to be greater than zero. Equation (11.6) also implies an interesting result that for
This shows that for such kind of similarity solutions, the choice of the parameter ε explicitly depends on the total volume V of the avalanche body. Also the shape of h in (11.5) prompted Savage & Hutter to call it the M-wave solution. Figures 7 and 8 show the time evolution of the parabolic cap and M -wave similarity solutions for the height of the granular avalanches. The reader should keep in mind that these figures are drawn in terms of the fixed domain variables so that one cannot directly feel the preservation of the volume. It is seen, however, that the profiles for h are shape preserving and that the avalanche spread and the amplitude of the pile vary with time. The parabolic cap solution is of special importance particularly in checking the efficiency of numerical codes as done by Tai and Tai et al. 14 -16
Discussion
Let us now compare these new model equations with previous ones (e.g., Gray, Wieland & Hutter 3 ) derived in the SH-sprit for three-dimensional basal topography. At the same time we will state the physical significance of this new model against others.
• Effects of Curvature and Torsion in Mass Balance The main idea behind this kind of particular helical and non-orthogonal coordinate system is to introduce both curvature and torsion in the associated metric that describes the reference topography as well as handles the process of transformation of coordinate free field equations into non-orthonormal curvilinear coordinate system. The presence of the factor ψ = 1/ y 2 + a 2 in the mass balance equation (10.4) has a strong effect in the mass flux which is not the case in all previous considerations of the SH-theory. For smaller curvature and torsion (i.e. a large) ψ = 1/ y 2 + a 2 is also small and the flow is less rapid in the downslope direction which is seen clearly from the term "∂(ψhu)/∂x" of the mass balance. For small value of the pitch both ψ and u are small. Consequently, the whole term "∂(ψhu)/∂x" is small, indicating lesser mass flux in the downslope direction.
• Effects of Curvature and Torsion in Total Derivative The operator
in the acceleration terms of the left-hand sides of the momentum balances, (10.5)-(10.6), contains ψ which again implies that the smaller the curvature and torsion are the smaller will be the component of acceleration in the downslope u-direction, which is an intrinsic property of the present coordinate system. In the previous theories no such effects of curvature and torsion could be seen in the acceleration operator. Note that this operator can be obtained by substituting the mass balance, (10.4) into the momentum balance (10.5) and (10.6) and assuming the continuity of the solution.
• Overall Effects in the Model Equations From the balance equations of mass and momentum it is clear that most terms are effected explicitly or implicitly by curvature and torsion of the basal topography and the coordinate system itself. These effects can easily be seen from the terms in the model equations containing either the pitch parameter, "a", or the stretching factor of the motion, "ψ = 1/ y 2 + a 2 ", which slows the motion down or boosts it up. Such a direct effect of curvature together with torsion was not investigated before.
• Direct Influence in Solutions Note that, for the similarity solution, the time t here is not the physical time. It is scaled by the stretching factor ψ, i.e. t = ψ × physical time, which was not the case in the previous models of SH-equations. This rescaling of the time made it possible to find semi-analytical solutions. These solutions also take into account the effects of the passive parameter y in the lateral direction. Therefore, we have incorporated the influence of the curvature and torsion into the test solution of the model equation for the first time.
Conclusions
This research work extended the original Savage & Hutter-theory 12,13 for a completely new geometry, the so-called helicoidal topography. In contrast to other previous extensions (e.g., see Gray et al.
3 ), this local coordinate system is based on a generating base curve with curvature and torsion. Its derivation was necessary because real avalanches are often guided by rather strongly curved and twisted corries, and we wished to corroborate a mathematical model by laboratory experiments. We assumed a shallow avalanche of a dry cohesionless granular material, incompressible with constant density, ρ 0 , throughout the motion from initiation to run-out. The motion follows the helicoidal talweg of a rather strongly curved channel. The theory that is based on the helicoidal metric is characterised by its non-orthogonality, but it allows relatively easy access in comparison with laboratory experiments. Balance laws of mass and momentum, kinematic boundary conditions on the basal surface and the free surface, the Coulomb-dry friction law at the base and the tractionless free surface condition constitute the underlying field equations. Depth-averaging these equations led to a set of nonlinear hyperbolic partial differential equations for the evolution of the granular pile height and the depth-averaged streamwise velocity distribution of a finite mass of granulates. Coulomb-like constitutive behaviour both for the bed and interior of the granular body is employed. Although some of the details of the flow field are lost, an enormous and significant simplification has been achieved by the depth-averaging. The emerging theory is believed to be capable of predicting the flow of dense granular materials over strongly curved and twisted channels. The ultimate proof of this will be provided when numerical solutions to initial and boundary value problems are obtained and compared with results from laboratory experiments.
The model equations were tested by constructing analytical solutions of the simplest kind. These elementary solutions, the so-called parabolic cap and M -wave similarity solutions, were constructed in a fashion analogous to those in the SH-theory. 12 The depth profiles of the moving and deforming avalanches are found to have a parabolic shape and the relative velocity is found to vary linearly with distance from the centre of mass of the moving avalanche. Although it is difficult to validate both similarity solutions by experiments, the similarity solutions are still useful in the sense that they provide insight into the qualitative behaviour which is meaningful as a semi-analytical solution in a comparison against some general numerical code. Although there is no direct comparison between the full set of final equations representing the balance laws that contain the three unknown variables, the avalanche height and the depth-integrated velocity profiles, of the original SH-theory 12,13 as well as its extension for three dimensions by Gray et al.,
